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We investigate the classical and quantum behavior of a Bianchi I model in the presence of a stiff
matter contribution when the Vilenkin interpretation of the wave function of the Universe is taken
into account. We study its evolution in the so-called polymer representation of quantum mechanics,
in order to characterize the modifications that a discrete nature in the isotropic variable of the Universe
induces on the morphology of the cosmological singularity. We demonstrate that in such a model the
Big-Bang singularity is removed at a semiclassical level in favor of a Big-Bounce when a lattice on the
isotropic variable is considered. Furthermore, the analysis of the mean values on the quantum degrees
of freedom, i.e the variables β+, β− in the Misner picture, and the investigation on the evolution
of the wave packets show how the typical diverging behavior associated to the anisotropies of the
Universe in proximity of the initial singularity disappears in our polymer modified scheme. Indeed,
the anisotropies remain finite across the Big-Bounce and they assume a value that depends on the
initial conditions fixed far from the turning point. Finally, we demonstrate that the proposed scenario
can be extended, with a suitable choice of the configuration parameters, to the Bianchi IX cosmology
and therefore it can be regarded as a paradigm for the generic cosmological model.
PACS numbers: 98.80.Qc, 04.60.Kz, 04.60.Pp
INTRODUCTION
The Bianchi cosmological models are the simplest
generalization of the isotropic Universe and they are
possible candidate to describe the nature of the initial
singularity [1],[2],[3].
Two Bianchi model are of particular dynamical inter-
est, the type I, because it contains the metric time deriva-
tives dominating near the singularity, and the type IX,
which generalizes the closed Robertson-Walker dynam-
ics and thus having a space curvature, responsible for a
chaotic behavior near the singularity [4].
Indeed, the Bianchi types VIII and IX (however the
type VIII does not admit an isotropic limit) are the most
general models allowed by the homogeneity and their
chaotic features are typical of the generic inhomoge-
neous cosmological solution.
The anisotropic components of the metric tensor can
be easily separated for the Bianchi models from the
isotropic component, which is associated to the Uni-
verse volume and this separation takes place in a very
elegant representation, by using the so-called Misner
variables [5].
Near the initial singularity, the Universe volume van-
ishes and the Bianchi model anisotropies typically di-
verges.
∗Electronic address: moriconi@na.infn.it
†Electronic address: giovanni.montani@frascati.enea.it
However, it is a common belief that the cosmologi-
cal singularity must be replaced by a Big-Bounce of the
Universe, i.e. the volume reaches a minimum and then
re-expands. This picture has been reproduced in many
quantum approaches to the early Universe dynamics,
especially in the so-called Loop Quantum Cosmology
[6],[7],[8]. Such a reliable prediction of the quantum cos-
mology has given rise to a new theoretical framework to
interpret the Universe history, dubbed Big-Bounce Cos-
mology [9],[10],[11]. In fact, some important aspects of
the Universe dynamics, especially in its early stages, like
the basic paradoxes of the Standard cosmological Model
[12], could be differently addressed in view of the pre-
Big-Bounce history.
A crucial point in the direction of a revised point of
view on the primordial Universe, once the existence of a
Big-Bounce is postulated, requires a precise understand-
ing of the role played by the anisotropies degrees of free-
dom near the primordial turning point of the Universe:
by other words, which is the behavior of the Universe
anisotropies across the Big-Bounce. The most natural
arena in which testing such a feature of the primordial
cosmology is given by the Bianchi model, especially the
type I and IX respectively. In this paper, we address
exactly this problem, by reproducing the Big-Bounce
via a Polymer quantum approach [13],[14]. However,
to provide a clear physical meaning to the anisotropy
variable wavefunction, we combine the polymer tech-
nique with the original Vilenkin semiclassical approach
to the Wheeler-DeWitt equation [15]. More specifically,
we describe the Bianchi models via the Misner variables
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2[16]and we retain the volume as a quasi-classical co-
ordinate, although obeying to the modified Hamilton-
Jacobi equation, due to the polymer discretization. The
anisotropies Misner variables are instead treated as pure
quantum degrees of freedom.
The main technical merit of the present analysis is just
to reconcile two different, but complementary points of
view, as the mentioned above, in order to provide a con-
sistent and regularized Big-Bounce cosmology, in which
the behavior of the anisotropies near and far from the
turning point can be discussed in detail.
We observe how, the dynamics of the semi-classical
Universe volume is analyzed in the presence of stiff mat-
ter. This choice actually underlying technical reasons,
but it is also cosmologically relevant since the stiff mat-
ter equation of state mimic the dynamics of a free mass-
less scalar field, whose energy fills the Universe and de-
termines its evolution: this is just the case of an infla-
ton field at sufficiently high temperature, where the po-
tential term, responsible for the inflation scenario, can
be neglected (actually the cut-off energy density is sup-
posed to be at the Planck scale, well above with respect
to the inflation threshold).
We study in detail the behavior of the wave packets,
comparing it with the prediction of the Ehrenfest theo-
rem [17]. We recall that the Vilenkin approach allows
to deal with an ordinary Schroedinger equation for the
anisotropy variables, although the translation of the dy-
namical picture in the synchronous reference involves
the details of the polymer Hamilton-Jacobi equation, de-
scribing the leading order dynamics of the Universe vol-
ume.
We first address a careful analysis of the Bianchi I
model, demonstrating that the anisotropies mean val-
ues and variances remain finite near the singularity, dif-
ferently from the Einsteinian classical behavior, associ-
ated to a divergence of the Universe anisotropy near the
singularity. For other analyses reaching the same con-
clusions in the context of the Pre Big-Bang scenario in
String theory and in the presence of a scalar field with
equation of state w ≥ 1 (where w is the effective squared
sound velocity), see [18],[19] respectively.
As far as the WKB Vilenkin approximation holds, we
can claim that the anisotropy of the Universe remains fi-
nite across the Big-Bounce, its limit valued being depen-
dent on the initial conditions, fixed far from the turning
point. It is worth noting that WKB assumption is reliable
since the Universe volume is essentially a time-like vari-
able in the minisuperspace, more than a real physical
degree of freedom. The anisotropy variables behavior
tends also to become more and more classical near the
Big-Bounce, in the sense that the ratio between the vari-
ance to the mean value decreases. This feature could be
also recovered in a non-polymer representation of the
Universe volume quasi-classical dynamics, but, in that
case, it remains meaningless due to the intrinsic diver-
gence of the anisotropies mean value, as we discuss in
some detail.
We stress that in Section III and Section IV we ana-
lyze the same dynamical features of the Bianchi I model
without and with the polymer paradigm. The compari-
son of the results outlined in such sections allows to un-
derstand the most significant modifications due to the
cut-off physics: i) the appearance of a big bounce and ii)
the finite asymptotic behavior of the anysotropies.
Then, we extend the same analysis to the Bianchi IX
model, estimating the relative behavior of the kinetic
term of the Hamiltonian (present in both the Bianchi I
and IX types) versus the potential term of the Bianchi
IX model, due to its non-vanishing spatial curvature(for
Bianchi I the three-dimensional Ricci scalar identically
vanishes).
This study demonstrate that, for a non-zero set of ini-
tial conditions (fixed far from the Big-Bounce), the po-
tential term is negligible in the Bianchi IX dynamics,
with respect to the kinetic one: all the considerations
developed for the Bianchi I model can be applied to the
Bianchi IX one too. We estimate the behavior of the po-
tential term on the mean values of the anisotropic vari-
ables, but, their increasing classical behavior to the Big-
Bounce ensures the predictivity of this quantity toward
the average value of the potential (rigorously involved
in the Ehrenfest theorem).
The study of the Bianchi IX dynamics and the pos-
sibility to claim a regular behavior of the Universe
anisotropies across the Bounce, provides our results
with a an high degree of generality, since the Bianchi IX
model is the homogeneous prototype for the generic in-
homogeneous cosmological solution [20],[3]. The most
relevant conceptual progress contained in the present
analysis concerns the possibility, on a different regular-
ized framework, to elucidate the original result of Mis-
ner about the existence of semi-classical states off the
Universe anisotropies, near enough to the singularity
[16]. The Misner conclusion involves only high occupa-
tion numbers of the anisotropy degrees of freedom and
its physical interpretation remains obscure, due to the
diverging character of the anisotropy variables accord-
ing to the Ehrenfest theorem. The proper interpretation
of that Misner result comes out, as soon as, a Big-Bounce
and WKB cosmology is implemented for the Universe
volume.
The structure of the paper is organized as follows.
In Section I we introduce the Vilenkin approach for
the description of the wave function of the Universe, in
which is illustrated, for a generic homogenous universe,
how to define a genuine definition of semi-positive
probability.
Then, in Section II, the polymer representation of
the quantum mechanics is considered for a simple one-
dimensional particle system. In particular, we intro-
duce the basic concepts of the theory as the kinematical
and the dynamical proprieties and we will highlight the
modified effective Hamiltonian that a polymer modifi-
cation induces.
The Section III is dedicated to the application of the
3Vilenkin approach to a specific cosmological model: the
Bianchi I model in presence of a stiff matter. Firstly,
we faced the semiclassical dynamics by studying the
Hamilton-Jacobi equation and evaluating the evolution
of the variable related to the Universe volume near the
initial singularity. Then, the WKB expansion due to the
Vilenkin form of the wave function, allow to describe
the behavior of the pure quantum degrees of freedom
of the system: the anisotropies. For the description of
such a variables, a Schrodinger-like equation is resem-
ble whose solution represents the quantum states of the
system. Starting from this states it is possible to build
the wave packets associated to the wave function of the
Universe and compare their evolution with the trajec-
tories of the mean values obtained from the Ehrenfest
theorem. Furthermore, both from the semiclassical and
the quantum point of view, is stressed the equivalence
in the obtained results making the two different polar-
ization choices for the isotropic component of the wave
function.
Moreover, the polymer generalization of the latter
model is illustrated in Section IV. In particular, we con-
sider the modifications induced in the configuration
variables dynamics towards the initial singularity when
a polymer discretization of the Universe volume occurs.
The polymer modification applied to the Bianchi I
model is then extended to the more general Bianchi IX
model in Section V. The main focus in this section is de-
voted to the importance of the curvature potential term
of the Bianchi IX model next to the Big-Bounce.
Brief concluding remarks complete the paper.
I. INTERPRETATION OF THEWAVE FUNCTION OF
THE UNIVERSE
The behavior of the Universe in quantum cosmology
is described by the wave function of the Universe ψ[21],
which represents the solution of the Wheeler-de Witt
(WDW) equation[22],[23],[24]. One of the main issues
related to the wave function of the Universe is its prob-
abilistic interpretation. In a generic quantum mechanics
system described by a wave function ψ(xi, t), where xi
are coordinates and t is the time, the probability to find
the system in a particular configuration space element
dΩx is:
dP = |ψ(xi, t)|2dΩx. (1)
The definition above provides in any case a positive
semidefinite probability, dP ≥ 0, and a well-normalized
system: ∫
|ψ(xi, t)|2dΩx = 1. (2)
In quantum cosmology the wave function of the Uni-
verse, defined on the superspace[25], depends on the
configuration of the three-metrics hij(x) and the matter
fields φ(x) without an explicit time dependence. To dis-
cuss the problem in a simple way, let us consider the ho-
mogenous minisuperspace models[26],[2],[4], in which
the three-metrics and the matter fields does not depend
on the position x. The action for this class of model is
S =
∫
dt{pαh˙α −N [hαβpαpβ + U(h)]}, (3)
where hα represent the superspace variables, pα are the
conjugated momenta to hα, N = N(t) is the lapse func-
tion, hαβ is the superspace metric and U(h) takes into
account the spatial curvature and the potential energy
of matter field.
If we decide to proceed in analogy with the Eq.(1), a
straightforward extension for the probability is:
dP = |ψ(hα)|2
√
hdnh. (4)
The problem with the definition (4) is the “time” de-
pendence of the variables hα. The consequence is that
the probability is not normalizable. In fact, taking into
account the term
√
hdnh is equivalent to consider, in
a generic quantum mechanics systems, the quantity
dΩxdt. For the latter case we have∫
|ψ(xi, t)|2dΩxdt =∞, (5)
and proceeding by analogy in quantum cosmology we
have ∫
|ψ(hα)|2
√
hdnh =∞. (6)
A way to avoid this consists to provide an alternative
definition of probability based on the conserved current
Jα = − i
2
hαβ [ψ∗∇βψ − ψ∇βψ∗] , ∇αJα = 0. (7)
This way, the probability to find the Universe in a par-
ticular state is
dP = JαdΣα, (8)
where dΣα represents the separation between the three-
dimensional surfaces on which the current is defined.
These surfaces play a role similar to that of constant-
time surfaces in conventional quantum mechanics. Fur-
thermore, if we consider the conservation of the current
(7), than the conservation of the probability is ensured.
The problem with the probability (8) is that it can be
negative, as it is easy to show if you consider a given
wave function ψ and then the complex-conjugate ψ∗.
The situation is the same that happens for the neg-
ative probabilities in the Klein-Gordon equation (the
WDW equation resembles exactly a Klein-Gordon equa-
tion with a variable mass).
4The Vilenkin interpretation of the wave function of
the Universe[15] appears as a solution to solve this is-
sue. Such approach consists in the separation, for the
configuration variables, in two classes: semiclassical and
quantum. Following this prescription, the quantum vari-
ables represent a small subsystem of the Universe and
the semiclassical variables act as an external observer
for the quantum dynamics, or in other words the effects
of the quantum variables on the semiclassical ones are
negligible. We choose to describe for the configuration
space the notation qα for the semiclassical variables and
ρν for the quantum variables. The WDW equation for
the action (3) takes the form
(∇2−U −Hρ)ψ = 0 , ∇2 = 1√
h
∂α(
√
hhαβ∂β)ψ, (9)
where h = |dethαβ | and ∂α = ∂∂hα . The operator∇2−U
that appears in the WDW equation, is the part that sur-
vives when we neglect all the quantum variables ρν and
their conjugated momenta. For this reason, the other
part Hρ is due to the presence of the quantum subsys-
tem and its smallness is ensured by the existence of a
small parameter  for which
Hρψ
(∇2 − U)ψ = O(), (10)
where  is a small parameter proportional to ~. Also the
superspace metric can be expanded in terms of  as
hαβ = h
0
αβ(q) +O() (11)
and the wave function of the Universe can be written as
ψ = A(q)eiS(q)χ(q, ρ). (12)
In order to perform a WKB expansion as an expansion
series in  in a properly way, we point out that the po-
tential term U(q) is of the order −2 and the action S(q)
is of the order −1. This way, if we consider the wave
function (12) in the Eq.(9) we obtain, at the lowest order
in , the Hamilton-Jacobi equation for S:
hαβ∇αS∇βS + U = 0. (13)
At the next order we obtain the Equation:
2∇A∇S +A∇2S + 2i∇S∇χ−Hρχ = 0. (14)
The terms of the Eq.(14) can be decoupled in a pair of
equations making use of the Adiabatic Approximation[27].
It consists in requiring that the semiclassical evolution
be principally contained in the semiclassical part of the
wave function, while the quantum part depends on it
only parametrically. The adiabatic approximation is
therefore expressed by the condition
|∂qA(q)|  |∂qϕ(q, ρ)|. (15)
Using the relation (15) in the Eq.(14) we obtain that:
1
A
∇(A2∇S) = 0 , 2i∇S∇χ−Hρχ = 0. (16)
The first equation represents the conservation of the
current defined in Eq.(7) obtained neglecting the quan-
tum part of the wave function, or in other words using
a wave function
ψ = A(q)eiS(q). (17)
The explicit form of the current is
jα0 = |A|2∇αS. (18)
Being the conjugated momenta to qα equals to pα =
∇αS, the tangent vector to the classical trajectory can be
obtained starting from the variational principal δpqS =
0, in order to obtain:
q˙α = 2N∇αS. (19)
It is possible to show that, by requiring that the three-
dimensional surfaces Σα on which we defined the prob-
ability (8) are crossed only one time by all the classical
trajectories, the sign of the element q˙αdΣα is always the
same for any choice of the surface elements dΣα. Being
the initial sign arbitrary ,we can choose
q˙αdΣα > 0. (20)
The classical current conservation law
∇(A2∇S) = 0 (21)
can be recast in a continuity equation form. The first
step is the identification of the classical probability dis-
tribution σ0 = |A|2. Furthermore, using the relation (19)
and performing a coordinate transformation for one co-
ordinate of the superspace as qn = t, the Eq.(21) takes
the form
∂σ0
∂t
+ ∂aJ a = 0 (22)
where J a = σ0q˙a and the index a runs from 1 to (n− 1).
From the continuity equation (22) a conserved charge
can be identified integrating both sides over a dΣ0 vol-
ume, where dΣ0 is the surface element of the subspace
defined from the (n−1) remaining classical variables qα,
and making use of the Gauss Theorem on the current
term. This procedure allow to normalize the classical
probability distribution as∫
σ0(q)dΣ0 = 1. (23)
The second equation in (16) can be recasts in a
Schrodinger-like equation for the quantum subsystem
5using the relation (19):
i
∂χ
∂t
= NHρχ. (24)
In order to find the total (classical and quantum) prob-
ability distribution we consider the wave function (12)
for the current (7). This brings to:
J = σχj
α
0 +
1
2
|A|2jνχ, (25)
where we defined the quantum current jνχ and probabil-
ity distribution σχ as:
jνχ = −
i
2
[χ∗∇βχ− χ∇βχ∗] , σχ ≡ |χ|2. (26)
From the previous definition of the quantum part of
the current and from the Schrodinger equation (76), a
continuity equation for the quantum probability distri-
bution can be written as
∂σχ
∂t
+N∇νjνχ = 0, (27)
To complete the scheme we need to analyze if the total
probability distribution is normalizable. It can be writ-
ten as
σ(q, ρ) = σ0(q)σχ(q, ρ), (28)
where σ0(q) is the probability distribution relates to the
semiclassical variables. In this case it is possible to show
that the surface element of the constant-time surfaces
can be written in the form dΣ = dΣ0dΩρ, where dΣ0
provides the normalization for the classical system:∫
σ0(q)dΣ0 = 1, (29)
while dΩρ gives the normalization for the quantum sub-
system: ∫
σχ(q, ρ)dΩρ = 1. (30)
As a consequence, the entire probability distribution is
normalizable as ∫
σ0(q)σχdΣ0dΩρ = 1 (31)
II. THE POLYMER REPRESENTATION OF QUANTUM
MECHANICS
In this Section we briefly summarize the fundamental
features of the polymer quantization scheme. In partic-
ular, we shall give a general picture of the model, con-
sidering the kinematical and dynamical properties.
A. Kinematical properties
The Polymer representation of quantum mechan-
ics is a non-equivalent representation of the usual
Schro¨dinger quantum mechanics, based on a different
kind of Canonical Commutation Rules (CCR). The latter
represents a very useful tool to study the consequences
of the hypothesis for which one or more of the variables
of the phase space of the minisuperspace model that is
taken into account for the quantization are discretized.
To introduce the basic concepts of the polymer quan-
tum mechanics we start by considering a simple one-
dimensional quantum system[13],[14].
Let us consider a set of kets |µi〉, with µi ∈ R and
discrete index i = 1, ..., N . The vectors |µi〉 belong to the
Hilbert space Hpoly = L2(Rb, dµH)1. The inner product
between two kets is 〈ν|µ〉 = δν,µ and the state of the
system is described by a generic linear combination of
them
|ψ〉 =
N∑
i=1
ai|µi〉. (32)
One can identify two fundamental operators in this
Hilbert space: a label operator ε̂ and a shift operator ŝ(λ).
They act on the kets as follows
ε̂|µ〉 = µ|µ〉 , ŝ(λ)|µ〉 = |µ+ λ〉. , λ ∈ R+ (33)
where the parameter λ is fixed in the quantization proce-
dure but its value can, in principle, span all the real val-
ues on the positive axes. This one-dimensional system
is characterized by a the position variable q and the con-
jugate momenta p. We make the physical choice to as-
sign a discrete characterization to the variable q, and to
describe the wave function of the system in the so-called
p-polarization. Consequently, the projection of the states
on the pertinent basis vectors is
φµ(p) = 〈p|µ〉 = e−iµp. (34)
After the introduction of two unitary operators U(α) =
eiαq̂, V (β) = eiβp̂, (α, β) ∈ R which obey the Weyl Com-
mutation Rules (WCR) U(α)V (β) = eiαβV (β)U(α)[28],
it is possible to show that the label operator represents
exactly the position operator, while it is not possible
to define a (differential) momentum operator, as a con-
sequence of the discontinuity for ŝ(λ) pointed out in
Eq.(33).
1 The set of square-integrable functions defined on the Bohr compact-
ification of the real line Rb with a Haar measure dµH
6B. The dynamical features
To characterize the dynamical properties of this sim-
ple model, it is necessary to investigate the system from
the Hamiltonian point of view. A one-dimensional par-
ticle of mass m in a potential V (q) is describing by the
Hamiltonian
H =
p2
2m
+ V (q). (35)
Being q a discrete variable, we cannot define, in the p-
polarization, the operator p̂ as a differential operator.
The standard procedure to go beyond this problem con-
sists in defining a subspace Hγa of Hpoly. This subspace
contains all vectors that live on the lattice of points iden-
tified by the lattice spacing λ
γλ = {q ∈ R|q = nλ, ∀n ∈ Z}, (36)
where λ has the dimensions of a length.
The basis vector takes the form |µn〉 (where µn = λn)
and the states are defined as a linear combination of
them:
|ψ〉 =
∑
n
bn|µn〉. (37)
The basic realization of the polymer quantization is to
approximate the term corresponding to the non-existent
operator (this case p̂), and to find for this approximation
an appropriate and well-defined quantum operator. The
operator V̂ is exactly the shift operator ŝ, in both polar-
izations. Through this identification, it is possible to ex-
ploit the properties of ŝ to write an approximate version
of p̂. For p ~λ , one gets
p ' ~
λ
sin
(
λp
~
)
=
~
2iλ
(
ei
λp
~ − e−iλp~
)
(38)
and then the new version of p̂ is
p̂λ|µn〉 = i~
2λ
(|µn−1〉 − |µn+1〉) . (39)
One can define an approximate version of p̂2. For p ~λ ,
one gets
p2 ' 2~
2
λ2
[
1− cos
(
λp
~
)]
=
2~2
λ2
[
1− eiλp~ − e−iλp~
]
(40)
and then the new version of p̂2 is
p̂2λ|µn〉 =
~2
λ2
[2|µn〉 − |µn+1〉 − |µn−1〉] . (41)
Remembering that q̂ is a well-defined operator as in the
canonical way, the approximate version of the starting
Hamiltonian (35) is
Ĥλ =
1
2m
p̂2λ + V (q̂). (42)
The Hamiltonian operator Ĥλ is a well-defined and
symmetric operator belonging toHγλ .
III. BIANCHI I MODEL IN PRESENCE OF A STIFF
MATTER CONTRIBUTION
In this Section we introduce a simple and instructive
model for which it is possible to individuate a separa-
tion in the configuration space between classical and
quantum variables. Let us consider a universe described
by a Bianchi I model filled with a stiff matter contribu-
tion. The description of the model will be done with
respect to the Misner-like variables {a, β±}2, where a ex-
presses the isotropic volume of the universe (the initial
singularity is reached for a → 0) while β± accounts for
the anisotropies of this model. Although the stiff mat-
ter term does not own the same dynamical proprieties,
its equation of state mimic the one of a free massless
scalar field. For this reason, in presence of a stiff mat-
ter contribution, recalling the form of the superHamil-
tonian in presence of a massless scalar field[29],[30], the
scalar constraint of the Bianchi I model takes the form3
H = l
2
p
24pi~
[
−p
2
a
a
+
p2+ + p
2
−
a3
]
+
8pi2µ2
~a3
= 0 (43)
where {pa, p+, p−} are the conjugated momenta related
to the Misner-like variables and the constant µ repre-
sents the stiff matter contribution. The canonical quan-
tization of the model will be done at first in the a-
polarization, following the prescription of the Section I,
and then in the pa-polarization. In both cases the quan-
tization of the anisotropies will be in the position polar-
ization. Through the realization of such a comparison
we shall show how the semiclassical and quantum so-
lutions obtained will be equivalent in both cases. This
result will be very useful in respect of the implementa-
tion of the polymer paradigm.
A. a-polarization
Here we perform a canonical quantization imposing
that the physical states ψ being annihilated by the op-
erator H, i.e. the quantum version of the superHamil-
tonian constraint (43). If we choose to describe all the
2 The original isotropic Misner variable α is just α = ln a.
3 We use the (−,+,+,+) signature of the metric, the unit system with
c = 1 and we explicit the Einstein constant as k = 8piG =
8pil2p
~
where lp is the Planck length.
7configuration variables in the position polarization, this
means that {â, β̂+, β̂− } act as a multiplicative operators
and {p̂a, p̂+, p̂− } as a derivative operators in this way:
p̂a = −i~ ∂
∂a
= −i~∂a , p̂± = −i~ ∂
∂β±
= −i~∂±.
(44)
Therefore, the WDW equation for the superHamiltonian
(43) can be written as[
~2a2∂2a − ~2
(
∂2+ + ∂
2
−
)
+
3(4pi)3µ2
l2p
]
ψ(a, β±) = 0.
(45)
Starting from the equation (45), it is possible to individ-
uate a corresponding current of this form
Jµ =
 JaJ+
J−
 = − i
2
~2
 a2(ψ∗∂aψ − ψ∂aψ∗)−(ψ∗∂+ψ − ψ∂+ψ∗)
−(ψ∗∂−ψ − ψ∂−ψ∗)
 ,
for which the conservation law ∇µJµ = 0 is valid. Here
∇i is the covariant derivative built with the superspace
metric gµν = diag(~2a2,−~2,−~2) and its action on a
generic vector vν is
∇µvν = ∂µvν + Γνµρvρ. (46)
For our superspace metric gµν , the only non-vanishing
Christoffel symbol is Γaaa = − 2a . Therefore, the conser-
vation of the current in Eq.(45) takes the form:
∇µJµ = ∂µJµ+Γµµρjρ =
(
∂a − 2
a
)
Ja+∂+J
++∂−J− = 0.
(47)
Following the Vilenkin interpretation of the wave
function discussed in the Section I, as it is natural we
choose to assign the character of semiclassical to the
isotropic variable a, while the anisotropies {β+, β−}
characterize the quantum subsytem. With this prescrip-
tion we choose the wave function of the Universe as:
ψ(a, β±) = χ(a)ϕ(a, β±) = A(a)e
i
~S(a)ϕ(a, β±). (48)
Considering the previous wave function inside the
WDW equation (45) we obtain, at the lowest order in
~, the Hamilton-Jacobi equation:
−a2(S′)2 + 3(4pi)
3µ2
l2p
= 0, (49)
where (•)′ ≡ ∂∂a . In the equation (49) does not appear
the anisotropies or their conjugate momenta; in fact, the
lowest order in the WKB performed respect to the ~ pa-
rameter takes into account the semiclassical behavior
of the whole system, and this regard only the isotropic
variable. Furthermore, making a comparison between
the Eq.(49) and the superHamiltonian constraint (43)
when the anisotropies are “frozen”4 , we can establish
the connection S′ = pa and rewrite the Eq.(49) in this
way:
p2a =
3(4pi)3µ2
l2pa
2
. (50)
It is possible to obtain the explicit solution for a = a(t)
making use of the Eq.(50) with the Hamiltonian Equa-
tion
da
dt
=
∂H
∂pa
= − l
2
p
12pi~
pa
a
(51)
in order to achieve5
da
dt
=
√
4pi
3
lpµ
~a2
=⇒ a(t) =
(
2
√
3pilpµ
h
t
) 1
3
. (52)
As we can see from the Eq.(52), the zero value of the
isotropic variable, reached for t = 0, exhibits the singu-
lar behavior of the model.
The next order in the WKB expansion gives us the fol-
lowing equation
ia2
1
A
(A2S′)′ + 2ia2AS′ϕ′ −A
(
∂2
∂β2+
+
∂2
∂β2−
)
ϕ = 0.
(53)
As in the Section I, we can decoupled the above equa-
tion making an adiabatic approximation. Naturally, we
require that the a-evolution is mainly contained in the
amplitude A, while the isotropic variation of the quan-
tum part ϕ is negligible. This is express by the condition
|∂aχ(a)|  |∂aϕ(a, β±)|. (54)
Considering the condition (54) in the Eq.(53), we obtain:
a2
A
(A2S′)′ = 0 , 2ia2S′ϕ′ − (∂2+ + ∂2−)ϕ = 0 (55)
Looking at the first equation in (55), we can see that it
corresponds to the conservation of the current∇aJa = 0
when we take into account just the semiclassical version
of the wave function (48):
ψ(a) = A(a)e
i
~S(a). (56)
The explicit form of the current is
Ja = ~a2A2S′. (57)
4 In this case we mean that the term
p2++p
2
−
a3
is negelcted.
5 We choose the integration’s constant in such a way that a(0) = 0.
8The second equation in (55) provides the evolution of
the quantum subsystem:
2ia2S′∂aϕ =
(
∂2+ + ∂
2
−
)
ϕ (58)
It is important to underline that, in analogy with the
Vilenkin approach, the Eq.(58) is consistent requiring
that
(
∂2+ + ∂
2
−
)
ϕ = O(~). It is possible to write
a Schrodinger-like equation for the quantum wave
function ϕ using the relation ∂ϕ∂a =
∂ϕ
∂t
∂t
∂a and the
Eqs.(50),(52). This way we have:
i
(
24pi~
l2p
)
a3
∂ϕ(t, β±)
∂t
=
(
∂2+ + ∂
2
−
)
ϕ(t, β±), (59)
and with the introduction of the time-like variable τ for
which ∂∂τ =
24pi
l2p
a3 ∂∂t we can finally write:
i~
∂ϕ(τ, β±)
∂τ
=
(
∂2+ + ∂
2
−
)
ϕ(τ, β±). (60)
The Eq.(60) resembles a plane wave equation which so-
lution is of the form
ϕ(τ, β±) = e
iEτ
~ e
ik+β+
~ e
ik−β−
~ , (61)
with E = (k
2
++k
2
−)
~2 . We can make explicit the depen-
dence τ(t) by solving the integral:
τ(t) =
∫
l2p
24pia(t)3
dt =
lp~
48pi
√
3piµ
ln
t
t∗
, (62)
where t∗ is the integration constant. To conclude, the
quantum part of the wave function takes the form:
ϕ(t, β±) = Ce
i
lp
48pi
√
3pi~2 (k
2
++k
2
−) ln
t
t∗ e
ik+β+
~ e
ik−β−
~ , (63)
where the {k+, k−} are the quantum numbers associated
to the anisotropies, for which is valid the dispersion re-
lation k± = p±.
B. pa-polarization
This subsection is devoted to the implementation of
the quantum model in the pa-polarization. The action
of the operators {p̂a, β̂+, β̂− } is multiplicative, while
{â, p̂+, p̂− } act as a derivative operators:
â = i~
∂
∂pa
= i~∂pa , p̂± = −i~
∂
∂β±
= −i~∂±. (64)
The quantum counterpart of the superHamiltonian con-
straint (43), or in other words the WDW equation, in this
polarization is:[
~2p2a∂2pa − ~2
(
∂2+ + ∂
2
−
)
+
3(4pi)3µ2
l2p
]
ψ(pa, β±) = 0
(65)
Also in this case, with the difference that the role of
a is taken by the conjugated momenta pa, choosing the
normal operator-ordering for the isotropic part of the
WDW equation from the Eq.(65) we can build a current
term this way
Jµ =
 JpaJ+
J−
 = − i
2
~2
 p2a(ψ∗∂paψ − ψ∂paψ∗)−(ψ∗∂+ψ − ψ∂+ψ∗)
−(ψ∗∂−ψ − ψ∂−ψ∗)
 ,
that respect the conservation law∇iJ i = 0.
The operator ∇i, in this polarization, is the covari-
ant derivative built with the superspace metric hij =
diag(~2p2a,−~2,−~2). Again, there is just one non-
vanishing Christoffel symbol Γpapapa = − 2pa and the con-
servation of the current in Eq.(65) takes the form:
∇iJ i = ∂iJ i+Γiikjk =
(
∂pa −
2
pa
)
Jpa+∂+J
++∂−J− = 0.
(66)
As in the previous subsection, we choose to assign
the role of the quantum subsystem to the anisotropies
while the semiclassical variable is represented by pa. A
straightforward version of the wave function of the Uni-
verse is:
ψ(pa, β±) = χ(pa)ϕ(pa, β±) = A(pa)e
i
~S(pa)ϕ(pa, β±).
(67)
Considering the above shape for the wave function in
the WDW equation leads, to the lowest order in ~, to the
Hamilton Jacobi equation:
−p2a(S˙)2 +
3(4pi)3µ2
l2p
= 0, (68)
where ˙(•) ≡ ∂∂pa . This time, a comparison between the
Eq.(68) and the part related to the semiclassical variable
of the superhamiltonian constraint establish the equality
S˙ = a and the H-J equation can be written as:
p2a =
3(4pi)3µ2
l2pa
2
, (69)
exactly the same relation obtained in the Eq.(50) for the
a-polarization case. As a consequence, also the evolu-
tion of a(t) is the same in the Eq.(52).
If we consider the successive order in the WKB expan-
sion we obtain the equation
ip2a
1
A
(A2S˙)˙+ 2ip2aAS˙ϕ˙−A
(
∂2+ + ∂
2
−
)
ϕ = 0. (70)
Via the same consideration of the previous subsection,
9we can obtain from the Eq.(70) a pair of equations using
the adiabatic approximation that, in the pa-polarization,
is expresses by the condition:
|∂paχ(pa)|  |∂paϕ(pa, β±)|. (71)
This way we obtain:
p2a
A
(A2S˙)˙ = 0 , 2ip2aAS˙ϕ˙−A
(
∂2+ + ∂
2
−
)
ϕ = 0. (72)
The first equation in (72) corresponds to the conserva-
tion of the current ∇paJpa = 0 when the semiclassical
version of the wave function (67) is considered:
ψ(a) = A(a)e
i
~S(a). (73)
The current obtained in this way has the form
Ja = ~p2aA2S˙. (74)
The description of the quantum subsytem is con-
tained in the second equation in (72):
2ip2aS˙ϕ˙ =
(
∂2+ + ∂
2
−
)
ϕ. (75)
An explicit time dependence for the ϕ can be introduce
using the relation ∂ϕ∂pa =
∂ϕ
∂t
∂t
∂pa
= ∂ϕ∂t
1
p˙a
. The quantity
p˙a can be evaluated differentiating the relation (69) and
using the Eq.(52) it is possible to recast the Eq.(75) in
such a way:
i
(
24pi~
l2p
)
a3
∂ϕ(t, β±)
∂t
=
(
∂2+ + ∂
2
−
)
ϕ(t, β±). (76)
A comparison between the last equation and the Eq.(59)
shows that the two differential equation are the same.
Furthermore we can proceed in the same way as in the
previous subsection and conclude that the solution for
the wave function related to the quantum subsystem is
ϕ(t, β±) = Ce
i
lp
48pi
√
3pi~2 (k
2
++k
2
−) ln
t
t∗ e
ik+β+
~ e
ik−β−
~ . (77)
As we expected, also in the in the implementation
of the Vilenkin approach there are no differences, both
from a semiclassical and the quantum point of view,
when we study the problem in the position polarization
respect to the momentum polarization. This aspect will
be crucial in the next Section, when the discrete nature
of the isotropic variable shall be taken into account in
the context of the Polymer Quantum Mechanics.
Let us now say something about the application of the
Vilenkin steps for the individuation of a conserved prob-
ability distribution. In the general scheme illustrated
in Section I, the coordinated transformation hn = t for
one of the classical configuration variable allowed to
rewrite the conservation law (21) in the continuity equa-
tion form (22) and to individuate a normalizable prob-
ability distribution (23). The crucial point in this pro-
cedure is the fact that the classical configuration space
contains more than one variable, in order to define an
orthogonal Σ0 surfaces over which integrate. In our
model, equally in both polarization, the classical config-
uration space has dimension one (we have just one vari-
able: a or pa). This imply that the orthogonal space over
which to evaluate the probability distribution has di-
mension zero and therefore the Vilenkin procedure can-
not be replicated.
Regarding the quantum sub-system, starting from the
quantum part of the wave function ϕ in the Eq.(63), a
probability distribution for the quantum variables is de-
fined as ρϕ = |ϕ|2. This way, the leading terms of the
components of the current (45), considering the entire
wave function (63), assume the form:
Ja = ~a2A2S′ρϕ, (78)
J± = −~
2A2
2
(ϕ∗∂±ϕ− ϕ∂±ϕ∗) ≡ A
2
2
J±ϕ , (79)
and the conservation law∇µJµ = 0 can be recast as
2~a2S′
dϕ
da
+ ∂iJ
i
ϕ = 0. (80)
We provides the calculus in the a-polarization, but the
conclusions will be the same also in the other one. In
the above rewrite of the conservation of the current the
index i = {+,−} and we used the first relation in the
Eq.(55). Then, an explicit presence of the variable t can
be include through the relation ∂ϕ∂a =
∂ϕ
∂t
∂t
∂a and making
use of the Eqs.(49),(52), in order to obtain a continuity
equation:
dρϕ
dt
= − l
2
p
24~2pia3(t)
∂iJ
i
ϕ. (81)
Integrating the both sides of the equation over a β+, β−
volume we have that the right side can be rewritten us-
ing the Gauss Theorem:
l2p
24~2pia3(t)
∫ ∫
dβ+dβ−∂iJ iϕ =
l2p
24~2pia3(t)
∫
∂β
dσJ iϕ
(82)
Making the hypothesis that all the system is contained
in the surface ∂β, the term in the Eq.(82) vanishes, being
evaluated over the surfaces. Therefore, what remains in
the integration of the Eq.(122) is
d
dt
∫ ∫
dβ+dβ−ρφ = 0, (83)
which means that the integral is conserved and can be
normalized as ∫ ∫
dβ+dβ−ρϕ = 1 (84)
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All the previous steps can be replicated in the pa-
polarization simply taking in consideration the conser-
vation of the current (65) with the wave function (77)
and through the relation ∂ϕ∂pa =
∂ϕ
∂t
∂t
∂pa
. This leads ex-
actly to the continuity equation (122) and to the same
final considerations.
To conclude this Section we underline how, for our
specific model, it was not possible to build an entire con-
served probability distribution as in the Eq.(31). Nev-
ertheless, our results are not so far from the Vilenkin
conclusions. Indeed, we were able to obtain a quantum
normalizable probability distribution (84) coupled with
a classical conserved quantity (55),(or the Eq.(72) in the
pa-polarization).
C. Adiabatic Approximation
We go ahead in the analysis of the model performing
a test about the validity of the adiabatic approximation
in the two polarization cases (54),(71).
First of all, considering the conservation of the clas-
sical current in the Eq.(55) and the H-J equation (49),
we can argue that amplitude of the wave function of the
Universe evolves as A(a) ∝ a 12 and therefore |∂aA(a)| ∝
a−
1
2 . Furthermore, using the Eq.(52), for the derivative
of the quantum part of the wave function (63) the behav-
ior is |∂aϕ| ∝ a−1. Given the identification S′ = p ∝ 1a ,
for what concerns the a-polarization case we can then
conclude that the adiabatic approximation (54) is valid
for an initial condition of the Universe in which the
isotropic variable, or in other words the volume of the
Universe, assumes not too small values.
Repeating the same steps in the p-polarization, from
the conservation of the classical current (72) and the H-
J equation (68) we can achieve that A(pa) ∝ p
1
2
a and
consequently |∂paA(pa)| ∝ p−
1
2
a . Using the H-J equa-
tion and the Eq.(52), the derivative of the wave func-
tion ϕ behaves as |∂paϕ| ∝ p−1a . Taking into account
the founded trends, we can conclude, recalling S˙ =
a ∝ 1p , that the adiabatic approximation (71), is valid
in the p-polarization when the conjugated momenta to
the isotropic variables starts its evolution towards the
singularity assuming large values.
D. Expectation values of the anisotropies: the Ehrenfest
theorem
To conclude this Section let us analyze the behavior of
the quantum variables: the anisotropies. To this aim, let
us introduce a useful theorem to study the evolution of
a quantum operator: the Ehrenfest Theorem. Let |ϕ > |
the state of the quantum subsytem built starting by the
wave function (63). The expectation value of the quan-
tum operators {β̂+, β̂−} corresponds to:
< β̂± >=< ϕ|β̂±|ϕ >, (85)
where |ϕ > is a ket built from the quantum part of the
wave function (63). The time derivative of the expecta-
tion value of a time independent operatorA is given by6
d
dt
< A >=
1
i~
< [A,H] >, (86)
where H is the Hamiltonian of the system. The Ehren-
fest Theorem concerns the application of the above
results to the one-dimensional systems. Therefore,
remembering that the only non vanishing position-
momentum commutators are [β+, p+] = [β−, p−] = i~
, we can apply it to the anisotropies in order to obtain
d < β̂± >
dt
=
1
i~
< [β±,H] >=
=
l2p
24ipi~2a3
< [β±, p2±] >=
l2p
12pi~a3
< p± >, (87)
where we used the commutation rule [A,BC] =
[A,B]C + B[A,C]. In the previous relation the term
1
a3 was brought out to the expectation values because is
evaluated over the quantum states |ϕ(a, β±) > and the
isotropic variable represent for them a fixed orbit over
which the dynamics of the anysotropies occurs. Apply-
ing the Ehrenfest theorem to p± it is possible to show
that its expectation value is a constant of motion :
d < p̂± >
dt
=
1
i~
< [p±,H] >= 0→< p̂± >= const.
(88)
Using the above result in the Eq.(87) with the time-
evolution for the isotropic variable in the Eq.(52) we ar-
rive at the differential equation:
d < β̂± >
dt
=
lpp±
24
√
3pipiµ
1
t
(89)
whose solution is
< β̂± >t=
lpp±
24
√
3pipiµ
ln
t
t∗
, (90)
where t∗ is an integration constant.
From the Eq.(90) we can see that the anisotropies be-
come important in magnitude near the initial singular-
ity and they diverge for t = 0, as we expected from any
classical anisotropic model. From the study of the stan-
dard deviation it is possible to establish effectively if the
trajectory obtained in the Eq.(126) differs not to much
6 This general equality is due to a Werner-Heisenberg theorem
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FIG. 1: The black points represent the position of the maxi-
mum of the wave packet |Ψk∗±(t, β±)| evaluated via numer-
ical integration for the following choice of the integration
parameters:C = 1, k∗+ = k∗− = 1, σ+ = σ− = 0.03. The contin-
uous red line represents the trajectory evaluated with the same
parameters from the Ehrenfest theorem.
from the classical trajectory.
The application of the Ehrenfest Theorem to the oper-
ator < β̂2 > brings to:
d < β̂2± >
dt
=
1
i~
< [β2±,H] >=
l2p < [β
2
±, p
2
±] >
24ipi~2a3
=
=
l2p
12pi~a3
< β±p± + p±β± >, (91)
where we used the commutation rule [AB,CD] =
AC[B,D]+A[B,C]D+C[A,D]B+[A,C]DB. The quan-
tity < β±p± + p±β± > can be evaluated applying again
the Ehrenfest theorem:
d < β±p± + p±β± >
dt
=
=
l2p < [β±p± + p±β±, p
2
±] >
24ipi~2a3
=
l2pp
2
±
6pi~a3
. (92)
The above differential equation can be solved using the
time-dependence (52) in order to obtain:
< β±p± + p±β± >=
lpp
2
±
12pi
√
3piµ
(ln t+K), (93)
where K is an integration constant. Inserting the latter
relation in the Eq.(91) we obtain the solution
< β̂2± >=
l2pp
2
±
(12pi)3µ2
[
ln2 t+ 2K log
t
t∗
− ln2 t∗
]
. (94)
Finally, it is possible to write the standard deviation for
the operator < β̂± > as
σβ =
√
< β̂2± > − < β̂± >2 =
=
lpp±
24
√
3pipiµ
√
2
(
− ln2 τ +K ln t
τ
+ ln t ln τ
)
(95)
The presence of the square root in the standard devia-
tion (95) force to impose, in order to maintain a phys-
ical meaning for this quantity, particular values to the
integration constant K. From the Eq.(95) we see that
also the standard deviation shows a divergent nature in
proximity of the singularity, as it is clear performing the
limit t → 0. However, An estimate of how the expecta-
tion value (90) differs from the classical trajectory can be
evaluated from the ratio
σβ
< β̂± >
=
√
2
(− ln2 τ +K ln tτ + ln t ln τ)
ln tτ
(96)
As we can see in the FIG. 2, the condition σβ
<β̂±>
 1
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FIG. 2: The evolution of the ratio σβ
<β̂±>
as a function of time t. The
ratio becomes zero in the limit t → 0, so the Universe approach the
singularity “classically”
remains always valid during the approach to the singu-
larity, and furthermore the ratio (96) goes to zero in the
limit t → 0. Such occurrence tells us that the divergent
behavior of the expectation values < β̂± > are always
more and more “classically ensured” as we approach the
singularity.
An additional confirm on the dynamics of the
anisotropies can be provided by studying the behavior
of the maximum of the wave packet built from the wave
function (63), in this way:
Ψk∗±(t, β±) =
∫ ∫
dk±e
− (k+−k
∗
+)
2
2σ2
+ e
− (k−−k
∗−)2
2σ2− ϕ(t, β±),
(97)
where we choose Gaussian weights to peak the wave
packets. The evolution of the wave packets has been
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studied through a numerical integration and as we can
see in the FIG.1, the position of the maximum of the
wave packet |Ψk∗±(t, β±)| (the collection of the black
points in the Figure) as a function of t overlaps exactly
the trajectory of the anisotropies obtained by the Ehren-
fest theorem in the Eq.(90).
IV. POLYMER APPROACH TO THE BIANCHI I MODEL
IN PRESENCE OF A STIFF MATTER CONTRIBUTION
As we have shown in the Section II for the one-
dimensional particle case, if we consider the position
variable q as a discrete variable for the conjugated mo-
menta p it is not possible to associate a differential quan-
tum operator. Thus, characterizing the wave function in
the momentum polarization, through the polymer pro-
cedure we can identify an approximate version of the
operator p̂ which acts multiplicatively on the states of
the system.
For what concerns the Bianchi I model analyzed in the
Section III, we make now the physical choice to assign
a discrete character to the isotropic variable a without
modification in the anisotropy variables. Such a mixed
choice for the quantization can be made typically in two
cases: when the configuration variables are totally inde-
pendent or when a configuration variable depends from
the other one but weakly. The latter is exactly our case,
where the variables β± depend parametrically only on
the isotropic variable and so the effects of the variable a
on the anisotropies of the Universe are negligible.
This means, following Eq.(40), to consider the substi-
tution
p2a →
2~2
λ2
[
1− cos
(
~pa
λ
)]
. (98)
Since the results of the quantization procedure does
not depend on the particular choice of the polariza-
tion, as it is clear from the Section III in our model, we
choose to describe the wave function of the Universe
ψ = ψ(pa, β±) in the momentum base for the isotropic
part and in the position base for the anisotropies. This
implies that the action of the operators are the same in
Eq.(64) but taking into account the multiplicative action
of the quantum operator associated to approximate ver-
sion provided in the Eq.(98). It brings to the modifi-
cation of the superHamiltonian constraint (43) and the
WDW equation (65) in this way:
Hp =
l2p
24pi~
{
− 2~
2
λ2a
[
1− cos
(
λpa
~
)]
+
p2+ + p
2
−
a3
}
+
8pi2µ2
~a3
= 0 (99)
{
~2
∂
∂pa
(
2~2
λ2
[
1− cos
(
λpa
~
)]
∂
∂pa
)
− ~2
(
∂2
∂β2+
+
∂2
∂β2−
)
+
3(4pi)3µ2
l2p
}
ψ(pa, β±) = 0 (100)
From the Eq.(100) it is possible to obtain a modified polymer current as
Jµ =
 JpaJ+
J−
 = − i
2
~2
 2~
2
λ2
[
1− cos
(
λpa
~
)]
(ψ∗∂paψ − ψ∂paψ∗)
−(ψ∗∂+ψ − ψ∂+ψ∗)
−(ψ∗∂−ψ − ψ∂−ψ∗)
 ,
with the associated conservation law ∇iJ i = 0.
This case, the superspace metric is hij =
diag
{
~2 2~
2
λ2
[
1− cos
(
~pa
λ
)]
,−~2,−~2
}
and being
Γpapapa = −λ~
sin(λpa~ )
1−cos(λpa~ )
the only non-vanishing Christof-
fel symbol, we can evaluate the explicit form of the
conserved current as
∇iJ i =
∂pa −−λ~ sin
(
λpa
~
)
1− cos
(
λpa
~
)
 Jpa+∂+J++∂−J− = 0.
(101)
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A. Semiclassical Limit
What we want to realize is the implementation of the
Vilenkin approach for the polymer version of the WDW
equation. In other words, we consider the wave func-
tion of the Universe (67) in the Eq.(100). At the low-
est order of the expansion in ~, namely the semiclassi-
cal level, the Hamilton-Jacobi equation obtained can be
written as
p2a =
~2
λ2
arccos
(
1− 3(4pi)
3µ2λ2
2~2l2pa2
)2
, (102)
where we have identified again S˙ = a. From the super-
Hamiltonian (99) we can write the Hamiltonian equa-
tion for the isotropic variable:
da
dt
=
∂Hp
∂pa
= − l
2
p
12piλa
sin
(
λpa
~
)
(103)
Then, we introduce the the Eq.(102) in the Eq.(103) using
the trigonometric relation sin(arccos(x)) =
√
1− x2 so to
obtain
da
dt
=
√
4pi
3
lpµ
~a2
√
1− 48pi
3µ2λ2
~2l2pa2
. (104)
Looking at the latter equation it is immediate to see the
existence of a particular value
amin =
√
48pi3µ2λ2
~2l2p
(105)
for which dadt changes the sign, or in other words a sta-
tionary point for the function a(t). The branch of the
solution that we are interested to compare with the stan-
dard behavior (52) can be obtained through an analytic
integration of the differential equation (104) and its form
is:
a(t) =
1
~lp
√
6piµ2
[
h2l4t
(
h2l4t+
√
h4l8t2 + 36864pi8λ6µ4
)
+ 18432pi8λ6µ4
] 1
3
+
+48pi3λ2µ2

 72pi8λ6µ4
h2l4t
(
h2l4t+
√
h4l8t2 + 36864pi8λ6µ4
)
+ 18432pi8λ6µ4
 13 − 1
, (106)
where we have chosen the integration in such a way that
the stationary point amin is reached in correspondence
to t = 0.
As it is possible to see in the FIG. 3, the stationary
point is associated to a minimum value of the variable
a(t). Differently from the standard case, in the presence
of a polymer structure, the isotropic variable does not
reach a = 0 in correspondence of t = 0 and furthermore
a collapsing phase towards the singularity is followed
by a contracting phase. Let us emphasize that the ob-
tained solution reproduce the standard results, formally
it reduces to the solution (52), in the regimes where we
expect that a polymer modification does not change the
dynamics. In fact, in the limit λ → 0 the expression
(106) assumes the form (52) and for late times (namely
t− > +∞) the two solutions tend to be indistinguish-
able.
The presence of the small parameter λ 6= 0 within the
theory associated to the lattice on the isotropic variable
has led to a cosmological model in which the initial sin-
gularity of the big bang has been avoided and it has been
replaced with a bounce.
B. Quantum subsytem
In this subsection we analyse the first order in ~ ob-
tained considering the wave function (77) in the WDW
equation (100). This brings to the equation:
i
2~2
λ2
[
1− cos
(
λpa
~
)]
1
A
(A2S˙)˙+ 2i
2~2
λ2
[
1− cos
(
λpa
~
)]
AS˙ϕ˙−A (∂2+ + ∂2−)ϕ = 0. (107)
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FIG. 3: The black line represents the standard behavior a(t) as
evaluated in the Eq.(52) and the red line represents the poly-
mer behavior of the isotropic variable (106). The solution is
sketched for the parameters: ~ = lp = 1, λ = 0.01, µ = 0.4.
The standard solution reaches the singularity in t = 0 while
the polymer solution arrives at the minimum value amin and
then grows up for t < 0 after the bounce.
Making use of the adiabatic approximation (71), the
above expression provides, as in the standard case, a
pair of equations. The first one is
i
2~2
λ2
[
1− cos
(
λpa
~
)]
1
A
(A2S˙)˙ = 0 (108)
and it concerns the conservation of the classical current
∇paJpa = 0 which explicit form in the polymer case and
with the wave function (67) is:
Jpa = −~2~
2
λ2
[
1− cos
(
λpa
~
)]
A2S˙. (109)
The second equation gives the description of the quan-
tum part of the wave function ϕ:
2i
2~2
λ2
[
1− cos
(
λpa
~
)]
S˙ϕ˙ =
(
∂2+ + ∂
2
−
)
ϕ (110)
It is possible to rewrite also in the polymer scheme a
pure Schrodinger equation. First of all, from the H-J
equation (102) we achieve the expression for the trigono-
metric term:
2~2
λ2
[
1− cos
(
λpa
~
)]
=
3(4pi)3µ2
l2pa
2
. (111)
Moreover, we can use the relations S˙ = a and ϕ˙ =
∂ϕ
∂t
∂t
∂pa
= ∂ϕ∂t
1
p˙a
. The last step is to evaluate p˙a through
a differentiation of the relation (102) and the Eq.(104) in
order to write
p˙a =
16pi2µ2
~a4
(112)
Realizing all the previous substitutions the Eq.(110) re-
duces to
i
(
24pi~
l2p
)
a3
∂ϕ(t, β±)
∂t
=
(
∂2+ + ∂
2
−
)
ϕ(t, β±). (113)
It is important to note that the functional form of the
equation that describes the quantum subsystem is ex-
actly the same of the standard case in the Eq.(76). The
real difference is in the time-dependence of the isotropic
factor a that, in the polymer case, assumes the form in
the Eq.(106). For this reason, we proceed defining the
same change in the time variable ∂∂τ =
24pi
l2p
a3 ∂∂t in or-
der to arrive at the same Schrodinger equation (59) with
solution (61). With respect to the standard case the dis-
tinction is in the integration of the time-like variable τ
τ(t) =
∫
l2p
24pi
dt
a(t)3
. (114)
In fact, it brings to a non-solvable integral in the t vari-
able due to the special form a(t) in the polymer case.
We can elude this changing the integration variable this
way:
dτ =
l2p
24pi
dt
a3
=
l2p
24pi
1
a˙
da
a3
(115)
The expression τ(a) can be determined integrating the
latter equation and considering the relation (104) in or-
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der to obtain:
τ(a) =
√
3lp~
48pi3/2µ
∫
da√
a2 − 48pi3µ2λ2~2l2p
, (116)
which admits the analytic solution
τ(a(t)) =
√
3lp~
48pi3/2µ
log

(
a(t) +
√
a(t)2 − 48pi3µ2λ2~2l2p
)
(
a(t∗) +
√
a(t∗)2 − 48pi3µ2λ2~2l2p
)
 .
(117)
Certainly, if we implement the limit λ → 0 and we sub-
stitute the standard time dependence of the isotropic
variable (52) we turn back to the expression (62). This
allow to write down the analytic version of the quantum
part of the wave function ϕ:
ϕ(t, β±) = Cei(k
2
++k
2
−)τ(a(t))e
ik+β+
~ e
ik−β−
~ . (118)
To find the probability distribution for the polymer
Bianchi I model in presence of a stiff matter contribu-
tion, we reply the steps of the Section III A. For what
concern the classical part of the probability distribution,
the situation is the same of the standard case. Indeed,
the presence of just one classical configuration variable,
pa, denotes the impossibility to recast the conservation
of the classical current (108) in a continuity equation that
regards the classical probability distribution. However,
also in the polymer case, for the quantum sub-system a
continuity equation can be extracted. Referring to the
quantum part of the wave function (118], the proba-
bility distribution for the quantum variables is defined
as ρϕ = |ϕ|2. Considering the Vilenkin wave function
(118), the leading terms of the components of the cur-
rent (100) become
Ja = ~
2~2
λ2
[
1− cos
(
λpa
~
)]
A2S˙ρϕ, (119)
J± = −~
2A2
2
(ϕ∗∂±ϕ− ϕ∂±ϕ∗) ≡ A
2
2
J±ϕ , (120)
and the conservation law∇µJµ = 0 can be recast as
2~
2~2
λ2
[
1− cos
(
λpa
~
)]
S˙
dϕ
dpa
+ ∂iJ
i
ϕ = 0, (121)
where the index i = {+,−}. Via the relation ∂ϕ∂pa =
∂ϕ
∂t
∂t
∂pa
= ∂ϕ∂t
1
p˙a
, the explicit dependence on the vari-
able t can be inserted. Furthermore, considering the
Hamilton-Jacobi equation (68), the identification S˙ = a
and the identity (112), the Eq.(121) reduces to
dρϕ
dt
= − l
2
p
24~2pia3(t)
∂iJ
i
ϕ. (122)
The continuity equation obtained in the polymer case
is formally equivalent with respect to the standard case
(122), whose differences are due to the time depen-
dence of the isotropic variable a (corresponding to the
Eq.(106) in the polymer case) and to the definition of the
quantum probability distribution given by the quantum
wave function (118) with respect to the standard case
(77). That said, performing again an integration over a
dβ+dβ− volume for both sides of the continuity equa-
tion, a normalizable quantum probability distribution is
obtained also in the polymer case:∫ ∫
dβ+dβ−ρϕ = 1 (123)
In conclusion of this section we assert that it was not
possible to build an entire conserved probability distri-
bution as in the Eq.(31) but, as in the standard case, we
were able to write a quantum normalizable probabil-
ity distribution (123) together with a classical conserved
quantity (108).
C. Consequences on the anisotropies behavior
We investigate the behavior of the anisotropies trough
the evaluation of the quantum expectation values. As in
Section III, the application of the Ehrenfest Theorem to
β̂± brings to the same functional form also in the Poly-
mer case:
d < β̂± >
dt
=
1
i~
< [β±,Hp] >=
l2pp±
12pi~a3
, (124)
where in this case the variable a behaves as in the
Eq.(106). The previous differential equation can be
solved by changing variable in the following way:
d < β̂± >
da
=
l2pp±
12pi~a3a˙
=
lpp±√
192pi3µ
1√
a2 − a2min
, (125)
and the solution obtained is:
< β̂± >a(t)=
lpp±√
192pi3µ
ln
[
a(t)2 +
√
a(t)2 − a2min
a(t∗)2 +
√
a(t∗)2 − a2min
]
.
(126)
The integration constant has been chosen to reproduce,
in the limit λ → 0, the solutions of the standard case
Eq.(90).
In FIG. 4 is shown the behavior of the quantum ex-
pectation value < β̂± > in the polymer case (red trajec-
tory) and in the standard case (black trajectory). First of
all, for the two trajectories there is an overlapping in the
limit t→∞, so for late times there are no polymer mod-
ification. Furthermore, the divergent character close to
the initial singularity shown by the solution in the stan-
dard case disappears leaving the place to a minimum
point (or a maximum depending on the relative sign be-
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FIG. 4: The black trajectory represents the standard divergent be-
havior of the anisotropies, as obtained through the Ehrenfest theo-
rem in the Eq.(90). The red trajectories shows the finite value that the
anisotropies assume in the turning point. Then, the blue points stands
for the position of the maximum of the wave packets (135). The equiv-
alence in the consideration of the Ehrenfest treatment and the wave
packet dynamics is ensured in the total overlap between red trajectory
and blue points.
tween the parameters p and µ) corresponding to
< β̂± >∗=
lpp±√
192pi3µ
ln
[
a2min
a(t∗)2 +
√
a(t∗)2 − a2min
]
.
(127)
The anisotropies cross over the singularity remaining fi-
nite assuming, in correspondence of t = 0, the value
< β̂± >∗ that depends on the choice of the parame-
ters and the initial conditions t∗. We stress how such
a meaningful achievement relies on the assumptions at
the ground of our dynamical study, i.e. a WKB semiclas-
sical limit, the presence of stiff matter and overall the
implementation of a polymer discretization paradigm.
The latter two requirements both contribute to obtain
a cut-off dynamics on the Universe asymptotic evolu-
tion, which in turn ensures the anisotropies finiteness.
It is worth empathizes that relaxing the semiclassical
approximation to the Universe wave function can per-
mit the anisotropies blow up, see for instance the recent
study in [32].
As in the standard case, the evaluation of the standard
deviation is a good tool to appreciate if the evolution
(126) it is not so different from the classical trajectory.
The Ehrenfest Theorem for the operator < β̂2 > in the
polymer case leads to:
d < β̂2± >
dt
=
1
i~
< [β2±,Hp] >=
l2p < [β
2
±, p
2
±] >
24ipi~2a3
=
=
l2p
12pi~a3
< β±p± + p±β± >, (128)
where, differently from the Eq.(91), the isotropic vari-
able a concerns the Eq.(106). A new application of the
Ehrenfest theorem on the quantity < β±p± + p±β± >
allow to obtain a differential equation for this term:
d < β±p± + p±β± >
dt
=
=
l2p < [β±p± + p±β±, p
2
±] >
24ipi~2a3
=
l2pp
2
±
6pi~a3
, (129)
whose solution can be achieve with a change of variable
such that:
d < β±p± + p±β± >
da
=
l2pp
2
±
6pi~a3a˙
=
lpp
2
±
4pi
√
3piµ
1√
a2 − a2min
,
(130)
and it corresponds to
< β±p± + p±β± >=
=
lpp
2
±
4pi
√
3piµ
(
ln
[
a(t)2 +
√
a(t)2 − a2min
]
+ C
)
, (131)
where C is an integration constant.
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FIG. 5: A comparison between the standard deviation in the canon-
ical case (95)(black) and in the polymer case (134)(red). A regulariza-
tion for the standard deviation in correspondence of the turning point
emerges in the polymer scheme.
Using the same change of variable of the Eq.(128) we
can arrive to a treatable form of the differential equation
for the expectation value < β̂2± > with the correspon-
dent analytic solution:
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FIG. 6: A comparison between the ratio σβ
<β̂±>
in the canonical case
(96)(black) and in the polymer case (red). In the polymer scheme this
ratio remains finite in correspondence of the turning point.
d < β̂2± >
da
=
l2pp
2
±
96pi3µ2
1√
a2 − a2min
(
ln
[
a(t)2 +
√
a(t)2 − a2min
]
+ C
)
. (132)
< β̂2± >a(t)=
l2pp
2
±
192pi3µ2
(
2C ln
[
a(t)2 +
√
a(t)2 − a2min
a(t∗)2 +
√
a(t∗)2 − a2min
]
+
+ ln2
[
a(t)2 +
√
a(t)2 − a2min
]
− ln2
[
a(t∗)2 +
√
a(t∗)2 − a2min
])
(133)
Then, the standard deviation for the operator < β̂± >
in the polymer case can be written following the usual
definition in order to obtain:
σβ =
√
< β̂2± > − < β̂± >2 =
lpp±√
192pi3µ
√√√√2(− ln2 [a(t∗)2 +√a(t∗)2 − a2min]+ C ln
[
a(t)2 +
√
a(t)2 − a2min
a(t∗)2 +
√
a(t∗)2 − a2min
]
+
+ ln
[
a(t)2 +
√
a(t)2 − a2min
]
ln
[
a(t∗)2 +
√
a(t∗)2 − a2min
])
(134)
Here again, the presence of the square root in the def-
inition of the standard deviation requires that,in order
to have a real number associated to this quantity, the
constant of integration C can assumes only particular
values. The first difference respect to the standard case
is glaring in the FIG.5, where the black line represents
the standard deviation evaluated in the Eq.(95) while
the red line is a representation of the modified equa-
tion (134). In the presence of the polymer modifica-
tion the standard deviation does not diverge in corre-
spondence of the bounce but reaches a finite maximum
value. Moreover, also the analysis of the ratio σβ
<β̂±>
confirms that the expectation values (124) is a genuine
quantity. In fact, as it is shown in the FIG. 6, the condi-
tion σβ
<β̂±>
 1 remains valid throughout the time evo-
lution of the anisotropies, including the crossing of the
bounce.
In the polymer case too it is possible to obtain an
additional confirm on the dynamics of the anisotropies
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FIG. 7: The blue region indicates the region of the configuration space {µ, p±} in which the condition V∗IX/K∗ < 1100 is valid, sketched for the
three values of the polymer scale λ = 0.015, 0.0015, 0.00015. The Bianchi IX potential term becomes more and more negligible with the decrease
of the polymer scale.
by studying the behavior of the maximum of the wave
packet built from the wave function (118), in this way:
Ψk∗±(t, β±) =
∫ ∫
dk±e
− (k+−k
∗
+)
2
2σ2
+ e
− (k−−k
∗−)2
2σ2− ϕ(t, β±),
(135)
where we choose Gaussian weights to peak the wave
packets. A numerical integration has been realized
to evaluate the evolution of the wave packets when
the turning point is approached. As we can see in
Fig. 4, the position of the maximum of the wave
packet |Ψk∗±(t, β±)| as a function of t(correspondent to
the collection of blue points) overlaps exactly the poly-
mer trajectory founded by the Ehrenfest theorem in the
Eq.(126).
V. IMPLICATION ON THE BIANCHI IX MODEL
The purpose of this Section is to implement the pro-
prieties founded before to a more general model. For
this reason, we take into account a Bianchi IX model
filled with a stiff matter considering the same polymer
prescription in the Eq.(98) for the isotropic variable. The
superHamiltonian constraint express through the con-
figurational variables {a, β+, β−} takes the form
H = l
2
p
24pi~
{
− 2~
2
λ2a
[
1− cos
(
λpa
~
)]
+
p2+ + p
2
−
a3
+
+
12pi2~2
l4p
aVIX(β±)
}
+
8pi2µ2
~a3
= 0, (136)
where the potential term, which accounts for the spatial
curvature of the model, reads as[3]
VIX(β±) = e−8β+ − 4e−2β+ cosh(2
√
3β−)+
+ 2e4β+
[
cosh(4
√
3β−)− 1
]
. (137)
Looking at the Eq.(136) it is evident that the difference
between the Bianchi I model and the Bianchi IX model
is the presence of the potential term 12pi
2~2
l4p
aVIX(β±).
Being the potential term associated to the anisotropies,
it formally enters, performing a WKB expansion in ~
with a wave function of the Universe a la Vilenkin, in
the first-order equation, i.e. the Schrodinger equation.
Keeping this in mind, a possible way to estimate the im-
portance of the potential term is to individuate the ex-
istence of a particular set of parameters for which the
potential term of the Bianchi IX model is negligible with
respect to p
2
++p
2
−
a3 , in other words the kinetic term of the
anisotropies. Finding such a regime means that the re-
sults for the Bianchi I model obtained in Section IV can
be extended also to the Bianchi IX model and moreover,
through the BKL conjecture, to a generic cosmological
solution. To this aim, we consider the ratio between the
potential term V∗IX = 12pi
2~2
l4p
aminVIX(β±) and the ki-
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netic term related to the anisotropies K∗ = p
2
++p
2
−
a3min
, both
evaluated at the bounce.
In FIG. 7 are represented, for different values of the
polymer scale λ, the regions in the space of the param-
eters {µ, p±} where the ratio V∗IX/K∗ become not rele-
vant. In particular, the blue regions represent the val-
ues of {µ, p±} for which the condition V∗IX/K∗ < 1100 is
valid. Therefore, as it is clear from the figure, for any
value of the parameter λ it is always possible to indi-
viduate a non-zero region where the Bianchi IX poten-
tial term is negligible with respect to the kinetic term.
Furthermore, the blue region becomes bigger as the pa-
rameter λ becomes smaller. This means that choosing
smaller λ values implies that the condition for neglect-
ing the potential term with respect to the kinetic term
is verified for a large number of parameters couples
{µ, p±}. The identification of such a regions bring us
to conclude, providing proper parameters in order to
neglect the potential term, that the Bianchi IX model in
presence of a stiff matter contribution in the polymer ap-
proach possesses the same qualitatively features of the
Bianchi I model previously analyzed.
This considerations suggest that in the present repre-
sentation the Bianchi IX model is chaos free as also ar-
gued in a LQC approach discussed in [33]. Indeed, our
approach and the LQC have a significant contact point
in the discretization of the Universe volume: here this is
due to a polymer paradigm for the discretization of the
isotropic coordinate while in LQC the same issue comes
from the discrete spectrum of the volume operator even
in a more general approach, as prescribed by the general
Loop Quantum Gravity approach.
VI. CONCLUDING REMARKS
In this paper, we analyzed in some detail how the
anisotropies of a Bianchi type I model, represented by
the Misner variables β+ and β−, behave when a Big-
Bounce scenario is inferred via a polymer approach to
the corresponding Misner variable α, describing the
Universe volume. In order to be able to construct a
proper dynamical Hilbert space for the anisotropy vari-
ables, we adopted a Vilenkin WKB representation of the
Wheeler-DeWitt equation, in which the Universe vol-
ume is a quasi-classical configurational coordinate. In
such a scheme, α recover its most genuine meaning of
a time-like variable, since it does not correspond to a
physical degree of freedom of the gravitational cosmo-
logical field. Since we adopted a polymer quantiza-
tion procedure for such semi-classical component, we
de facto deal with a modified classical Hamiltonian de-
scribing its evolution in the presence of stiff matter, i.e. a
modified Friedmann equation for the presence of a typ-
ical length scale of cut-off.
In the analysis above, we obtained to main relevant
achievements: i) the anisotropies of the Universe re-
main, in a Bianchi I model, finite across the Big-Bounce
and they approach a localized quasi-classical behavior,
according to the original idea of Misner [16];
ii) the same behavior remains valid for a Bianchi IX
model, since for a non-zero set of initial conditions, the
potential term, due to the spatial curvature (absent in
the Bianchi I model) is dynamically negligible.
The first result suggests that the deviation of a pri-
mordial Universe from the isotropy can be controlled
via the Cauchy problem, when the Bounce picture is re-
covered for the Universe volume. The second achieve-
ment allows to extend such an intriguing primordial fea-
ture, from a flat homogeneous Universe to a positive
curved one. Furthermore, the Bianchi IX model has an
high degree of generality and it mimics the generic cos-
mological solution near the initial singularity [20],[3].
By other words, we can infer that the proposed sce-
nario remains valid even when we address the dynam-
ics of a generic inhomogeneous model, near the Big-
Bounce, as ensured by the polymer treatment of the α
variable. Such a conjecture is based on the so-called
long wavelength approximation, according to which, each
space point, de facto each causal region of the Uni-
verse,dynamically decouples near enough to the ini-
tial singularity[20],[31],[34],[3], here replaced by a Big-
Bounce .
From a cosmological point of view, the present study
has the merit to demonstrate how, in the presence of a
cut-off physics and a proper interpretation of the Uni-
verse wavefunction, the anisotropies do not explode
asimptotically to the primordial turning point and the
scenario of a Big-Bounce cosmology makes the quasi-
isotropic Universe a more general solution with respect
to a pure classical Einsteinian cosmology.
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